The differential equation arising in the problems of chordwise divergence or sweptforvvard wing bending divergence [1] is of the typẽ EI(x) fx -\c(x)z = 0 (la)
[EI{x)z'{x)]" -\c(x)z(x) = f{x), z(0) = z'il) = (Elz')'i = 0 be expanded in terms of the biorthogonal system of functions arising from the system (la) and its adjoint?
Although this paper concerns itself chiefly with (A), it may be pointed out that the investigations of expansions in terms of characteristic functions of (la) for EI = 1, c(x) = -1, I = tt carried out by L. E. Ward [3] indicate difficulties inherent in such irregular boundary-value expansion problems as (B). Part I of this paper deals with the characteristic values of the system u'"(x) + p(x)u'( x) + [qix) + X]m(x) = 0, u{ 0) = u'{ 0) = u"{ 1) = 0,
where p and q are real-valued functions analytic on 0 < x < 1. It is found that: (a) this system has an infinite number of real characteristic values (Theorem 1); (b) if the upper bounds of | pit) \ and | qif) |, and the positive numbers | p(l) |, Jo I p(t) | dt, fo I r(t) | dt, where r(t) = qit) -p'(t), are small enough, then all characteristic values of (1) are real (Theorem 3).
Just how small these positive quantities in (b) must be, in order that all the characteristic values of (1) be real, is not explicitly considered. For specific functions p and q, however, the details of the proofs of (a) and (b) enable one to answer this question by means of simple numerical computations.
Much of the method of proof and notation is similar to that used by Ward [4] in his study of the system:
Here rix) is of a special form which permits Ward to obtain an expansion theorem. It *Received Oct. 17, 1950. **Now at the University of Nebraska.
is hoped that Ward's approach will also suggest an expansion theorem associated with (1) and perhaps also provide an answer to (B). Part II indicates a pair of transformations which takes the system lf(t)y"W + \g(t)y(t) = 0, 2/(0) = y'( 0) = y"{ 1) = 0,
where /(f) > 0, g(t) > 0, are real and analytic on 0 < f < 1, over into a system of the form of (1) . Note that the adjoint of (2) is of the form of (la), and consequently the characteristic values of (2), being identical with those of its adjoint, are of interest in aeroelastic wing theory.
PART I
We consider the system (1). Define 5/*\ ***** 3{t) = e -co2e -where
the complex number p by p3 = X, | arg p | < x/3; (c) the regions and S2 of the p plane by 0 < arg p < t/3 and -t/3 < arg p < 0 respectively. Lemma 1. A necessary and sufficient condition that u(x, p) satisfy the equation in (1) and u{0, p) = u'(0, p) = 01 is that
The proof of this lemma is completely analogous to that of Theorem 1 of Ward's paper2 and is omitted here. where | z(x, p) | < m, m being independent of x and p, provided peSi and \ p | sufficiently large.
'Unless otherwise indicated, the prime will always denote differentiation with respect to the first variable.
Now for fixed ptSj | z(x, p) | attains its upper bound m(p) on 0 < x < 1; hence by (1.3) 
for | p | sufficiently large, from which the lemma follows. Theorem 1. There exist an infinite number of real characteristic values X" for the system (1); more precisely, there exists a real \k such that all X" with R(\") > Xt are necessarily real. 3 Proof. From (1.1) by differentiation,
3If z = x + iy, then R(z) = x defines the notation R(z) which will be used throughout.
and the characteristic equation, u"{ 1, p) = 0, becomes on C" . Now it is easily verified that there is just one zero of 8, (p) inside Cn . Hence, by Rouche's theorem, there is just one root of the characteristic equation inside C" , and since these roots must occur in complex conjugate pairs, this root is real. This proves the theorem.
By a suitable modification of the choice of contours C" in the proof of the preceding theorem, the following result may be obtained.
Theorem 2. Let the zeros of 5, (p) be denoted by pi!" such that po0> < pj0' < • • • . Let 8 > 0 be given, and define Rn to be the circle | p -pi"' \ < 8. Then for k large enough, each root p" of the characteristic equation of (1) such that R(pn) > 2kir/31 /2 lies inside one of the circles Rn , n = k, k + 1, • • • , there being exactly one p" , necessarily real, in each such Rn .
The proof will be omitted. 4 From the details of the proof of Theorem 1, it may be seen that for r, p, and | p(l) | small enough, k may be chosen equal zero. The question of whether or not in this case all characteristic values of (1) are real, then, reduces to the question of whether or not all roots pn of the characteristic equation for which R(pn) < 2x/31/2 are real. By means of the following lemma, we obtain a lower bound on | X" |; e.g., | p" |; and then by means of the subsequent theorem, apply the arguments of Theorem 1 to a supplementary contour which borders on C0 and extends to the region for which no pn can occur.
Lemma. Let X be a characteristic value of (1). Then | X |2 > 6 -+ m2) where
Proof. Let v(x) = u'(x). Then by (1) v
Hence V(x) = ZCn + hn + Xa^Ux) (1.5) n Mra where 4>n(x) and n" are the characteristic functions and numbers respectively of the system Let | p(t) |2 < , | q(t) |a < m2 ; then from (1.7) one has 1 < m\w,1 J | u'{t) |2 dt + m2 + | X |2j.
Multiplying ( where R = [6 -(m, + m2)]I/6. By Theorem 1 and the lemma all non-real characteristic values A" = pi must be such that p" is in or on C_i . However, for sufficiently small p, r, TOi , m2 , and | p(l) |, the argument used to prove Theorem 1 is applicable to C_, and we conclude that there is just one root p_j , necessarily real, inside C_, . This proves the theorem.
PART II
Consider the system
/ and g real and analytic on 0 < t < 1, f(t) > 0, g(t) > 0. The transformation
has an inverse t = t(x). This inverse transforms (2) NOTES [Vol. IX, No. 2 Noting the structure of p and q; e.g., p, and p2, in terms of/ and g, we state an obvious corollary of Theorem 3.
Corollary. Let |/<n)(0 | < e, | g'n) (t) | < e for n = 1, 2, 3, 4. Then for t sufficiently small, all the characteristic values of (2) are real.
It is also clear from the structure of p and q that less restrictive, although perhaps more complicated, conditions on / and g than those in the hypothesis of the above corollary will yield the same conclusion.
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